Let (K, v) be a Henselian valued field with a residue field K, and let p be a prime number different from char( K). When K is a local field, this paper determines the Brauer p-dimension of K, and fully describes index-exponent relations in the p-component of the Brauer group Br(K).
Introduction
Let E be a field, P the set of prime numbers, and for each p ∈ P, let E(p) be the maximal p-extension of E in a separable closure E sep , and r p (E) the rank of the Galois group G(E(p)/E) as a pro-p-group (put r p (E) = 0, if E(p) = E). Denote by s(E) the class of finite-dimensional associative central simple E-algebras, and by d(E) the subclass of division algebras D ∈ d(E). For each A ∈ s(E), let [A] be the equivalence class of A in the Brauer group Br(E), and D A some representative of [A] lying in d(E). The existence of D A and its uniqueness, up-to an E-isomorphism, is established by Wedderburn's structure theorem (cf. [13] , Sect. 3.5), which implies the dimension [A : E] is a square of a positive integer deg(A) (the degree of A). Also, it is known that Br(E) is an abelian torsion group, so it decomposes into the direct sum of its p-components Br(E) p , taken over P (see [13] , Sects. (1.1) (a) exp(A) divides ind(A) and is divisible by every p ∈ P dividing ind(A). For each B ∈ s(E) with ind(B) relatively prime to ind(A), ind(A ⊗ E B) equals ind(A).ind(B); in particular, the tensor product A ⊗ E B lies in d(E), provided that A ∈ d(E) and B ∈ d(E); (b) ind(A) and ind(A ⊗ E R) divide ind(A ⊗ E R)[R : E] and ind(A), respectively, for each finite field extension R/E of degree [R : E].
As shown by Brauer (see, e.g., [13] , Sect. 19.6), (1.1) (a) determines all generally valid relations between Schur indices and exponents. It is known, however, that, for a number of special fields E, the pairs exp(A), ind(A), A ∈ s(E), are subject to much tougher restrictions than those described by (1.1) (a). The Brauer p-dimensions Brd p (E), p ∈ P, of E and their supremum Brd(E), the Brauer dimension of E, contain essential information about these restrictions. Let us recall that E is said to be of Brauer p-dimension Brd p (E) = n, where n ∈ Z, if n is the least integer ≥ 0 for which ind(D) ≤ exp(D) n whenever D ∈ d(E) and [D] ∈ Br(E) p ; if no such n exists, we put Brd p (E) = ∞. In view of (1.1), we have Brd(E) ≤ 1 if and only if ind(D) = exp(D), for each D ∈ d(E). For example, Brd p (E) = 1, for all p ∈ P, and Y n ∈ d(E), n ∈ N, with ind(Y n ) = n, for each n, when E is a global or local field (see [17] , Ch. XII, Sect. 2, and Ch. XIII, Sects. 3 and 6).
The purpose of this paper is to prove the following: Theorem 1.1. Let (K, v) be a Henselian (valued) field with a residue field K and a value group v(K), such that Brd p (K) < ∞, for some p ∈ P different from char( K), and let ε p be a primitive p-th root of unity in K sep , and τ (p) the dimension of the quotient group v(K)/pv(K) as a vector space over the field F p with p elements. Suppose that K is a local field, m p = min{τ (p), r p ( K)} > 0, and in case ε p ∈ K, put r
, if ε p ∈ K and ν n = min{n, ν}, ν being the greatest integer for which K contains a primitive p ν -th root of unity. Then there exists
The proof of Theorem 1.1 relies on the following result of [4] : Theorem 1.2. Let (K, v) be a Henselian field with a residue field K satisfying the conditions char( K) = q ≥ 0 and Brd p ( K) < ∞, for some p ∈ P, p = q. Let also τ (p) be the dimension of v(K)/pv(K) over the field F p , ε p a primitive p-th root of unity in K sep , and
The basic notation and terminology used and conventions kept in this paper are standard, like those in [2] and [3] . For a Henselian field (K, v), K ur denotes the compositum of inertial extensions of K in K sep ; also, the notions of an inertial, a nicely semi-ramified (abbr, NSR), an inertially split, and a totally ramified (division) K-algebra, are defined in [8] . By a Pythagorean field, we mean a formally real field whose set of squares is additively closed. As usual, [r] stands for the integral part of any real number r ≥ 0. Given a field extension Λ/Ψ, I(Λ/Ψ) denotes the set of its intermediate fields, and Br(Λ/Ψ) -its relative Brauer group. Throughout this paper, Galois groups are viewed as profinite with respect to the Krull topology, and by a profinite group homomorphism, we mean a continuous one. The reader is referred to [10] , [7] , [8] , [13] and [16] , for missing definitions concerning field extensions, orderings and valuation theory, simple algebras, Brauer groups and Galois cohomology.
Preliminaries
Let (K, v) be a Krull valued field with a residue field K and a value group v(K). We say that (K, v) is Henselian, if v is uniquely, up-to an equivalence,
Moreover, Ostrowski's theorem states the following (cf. [7] , Theorem 17.2.1):
When (K, v) is Henselian, it is well-known (cf. [15] , Ch. 2, Sect. 7) that each ∆ ∈ d(K) has a unique, up-to an equivalence, valuation v ∆ extending v whose value group v(∆) is abelian. Recall also that v(K) is an ordered subgroup of v(∆) of index e(∆/F ) ≤ [∆ : K], the residue division ring ∆ of (∆, v ∆ ) is a Kalgebra, and
Note that (2.1) and the Henselity of (K, v) imply the following:
The properties of K ur /K used in the sequel are essentially the same as those presented on page 135 of [8] , and stated in [3] , (3.3). Here we state some results on central division K-algebras, most of which can be found in [8] :
, and T is a tensor product of totally ramified cyclic K-algebras (see also [6] , Theorem 1); (b) The set IBr(K) of Brauer equivalence classes of inertial K-algebras S ′ ∈ d(K) is a subgroup of Br(K) canonically isomorphic to Br( K); Brd p ( K) ≤ Brd p (K), p ∈ P, and equality holds when p = char( K) and v(K) = pv(K); (a) For each pair (n, k) ∈ N 2 with n ≤ k, there exists
and K is a Pythagorean field; then the group Br(K) 2 has period 2, and there exist D n ∈ d(K), n ∈ N, with ind(D n ) = 2 n .
Henselian fields with p-quasilocal residue fields
A field E is called p-quasilocal, for some p ∈ P, if r p (E) = 0 or Br(E ′ /E) = p Br(E), for every degree p extension E ′ of E in E(p). When this holds and r p (E) > 0, we have Brd p (E) ≤ 1 [2] , I, Theorem 3.1. Assuming now that (K, v) is a Henselian field with K p-quasilocal and r p ( K) > 0, one obtains from Theorem 1.2 that Brd p (K) = ∞ if and only if m p = ∞ or τ (p) = ∞ and ε p ∈ K. When Brd p (K) < ∞ and p > 2, Brd p (K) is determined as follows: Theorem 3.1. In the setting of Theorem 1.2, let K be a p-quasilocal field,
Proof. Our argument relies on the following facts: 3) (c), d(K) consists of inertially split K-algebras in case ε p / ∈ K or τ (p) = 1. In view of (3.1) and [8] , Theorem 4.4 and Lemma 5.14, this yields Brd p (K) = m p , so it remains for us to prove Theorem 3.1, under the extra hypothesis that ε p ∈ K and τ (p) ≥ 2. It is easily obtained from [12] 
A proof of (3.2) (a) can be found in [4] , Sect. 4. Statement (3.2) (a) implies the assertion of Theorem 3.1 in the case of n = 1, so we assume further that n ≥ 2. The conclusion of (3.2) (b) is obvious, if exp(Θ) | p n−1 (one may put Y = K). Therefore, we prove it under the hypothesis that exp(Θ) = p n . Take an algebra Θ n−1 ∈ d(K) so that [Θ] = p n−1 [Θ] and attach to it a triple S n−1 , V n−1 , T n−1 ∈ d(K) in agreement with (3.2) (a). Then V n−1 ⊗ K T n−1 contains as a maximal subfield an abelian and totally ramified extension Y of K. Identifying Y with its K-isomorphic copy in K(p), and using (2.4) (a), one sees that it has the properties required by (3.2) (b).
We continue with the proof of Theorem 3.1. Denote by Z(B) the centre of an arbitrary associative algebra B. It is known (cf. [8] , Corollary 6.8) that if
. Note also that the period of the group v(J ′ )/v(K) divides exp(J ′ ), by [14] , (3.19) (see also [8] , Corollary 6.10). These results imply in conjunction with (3.1) (a) and the Ostrowski-Draxl theorem the following assertions: Corollary 3.2. Under the hypotheses of Theorem 3.1, let the group of roots of unity in K of p-primary degrees be finite of order
Proof. The assertion follows at once from Theorem 3.1, if τ (p) = 1, so we suppose that τ (p) ≥ 2. We proceed by induction on n ≥ ν. The basis of the induction is provided by Theorem 3.1, which allows us to assume that n > ν and ind(X) | p 
n and it follows from (3.1) (a) and [13] , Sect. 15.1, Corollary b and Proposition b, that Σ/K is NSR. Also, (2.3) (c) and [13] , Sect. 15.1, Corollary b, imply that exp(D ν ) | p n−ν and D ν /K is NSR. This, combined with [8] , Theorem 4.4 (or [4] , Lemma 4.1), leads to the following conclusion:
(n−ν)mp and D ν contains as a maximal subfield a K-isomorphic copy of a totally ramified extension Φ ν of K in K(p). (3.5) Under the hypotheses of Theorem 3.1, if Brd p (K) < ∞, ε p ∈ K and r p ( K) = ∞, then index-exponent relations in Br(K) p are fully determined by Brd p (K), i.e. for each pair (n, k) ∈ N 2 with n ≤ k ≤ nBrd p (K), there is ∆ n,k ∈ d(K), such that exp(∆ n,k ) = p n and ind(∆ n,k ) = p k .
Statement (3.5) can be deduced from Galois theory, [12] , Theorem 1, and the existence of cyclic extensions
n is a Z p -extension of K in K ur , for each n. In view of the general properties of the natural bijection of I(K ur /K) upon I( K sep / K), this existence is implied by [2] , II, Lemma 2.3, Albert's theorem on heights of cyclic p-extensions (cf. [1] , Ch. IX, Sect. 6), and the inclusion of K * p as a subgroup of infinite index in the intersection of the norm groups N ( M j / K), j = 1, . . . , n, whenever M j ∈ I(K ur ∩ K(p)/K) and [M j : K] = p (see [5] , Theorem 3.1). Similarly, it follows from Kummer theory that (3.5) remains valid, if r p ( K) < ∞ and K contains a primitive p m -th root of unity, for any m ∈ N. When ε p ∈ K, 0 < r p ( K) < ∞ and K is p-quasilocal, the description of index-exponent relations in Br(K) p depends on Brd p (K) and the number of roots of unity of p-primary degrees in K. Theorem 1.1 illustrates this in case K is a local field (see the end of [2] , I, Sect. 1).
4 Proof of Theorem 1.1
